Mathematica 11.3 Integration Test Results

Test results for the 153 problems in "5.3.7 Inverse tangent
functions.m"

Problem 15: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTan[—*@

J ;/d+ex2 } dx
X

Optimal (type 3, 59leaves, 4 steps):
ArcTan[ e ] \/:Ar'cTanh[Q‘ig"2 ]

d+e x?
X Jd
Result (type 3, 86 leaves):

ArcTan[@] i/e Log[2iLd _zﬁ\/mexz]

d+e x? . Je x ex

x ¥l

Problem 18: Result unnecessarily involves imaginary or complex numbers.

-e X

ng/z ArcTan | | ax
Vd+ex?
Optimal (type 4, 211 leaves, 6 steps):
60d2\/x Vd+ex? 36dx*2+/d+ex? 4x%2/d+ex? 2 122 ppcTan| V-e x
+ + +—X rcTan +
847 (-e)>/? 847 (-e)?? 121+/-e 1 Vd+ex?

2 1/4
30d4/_e (\/?+\/?x) \I ﬁ EllipticF[ZAr‘cTan[e dlf]’ %] /
d +Ve X

(847 e/4\/d+ex?

Result (type 4, 170leaves):
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4-/x Jd+ex? (15d*-9dex?+7e?x*) 2 V-e x
+ — x11/2 Ar‘cTan[i] -
847 (-e)®/? 11 JdrexZ

e
60id> |1+ xEllipticF|[i Ar‘cSinh[E], -1]
ex \/7

847 Ljv_d (-e)%2/d+ex?
e

Problem 19: Result unnecessarily involves imaginary or complex numbers.

-e X
Vd+ex?
Optimal (type 4, 181 leaves, 5steps):

JXS/z Ar‘cTan[ ] dx

20d+/x Vdrex2 4x32-/d+ex? 2 ., —e X
+ + —X Ar‘cTan[ }—
147 (-e)3/2 49+ —-e 7 Jdrex?
d 2 1/4 1
10d7/%+/-e (\/?-%—\/?X) _darex EllipticF[ZAr‘cTan[ﬂ], f} /
(Va e x)? e 2
(147e9/“x/d+ex2
Result (type 4, 158 leaves):
2 2 (5d-3ex?)Vd+ex? “e
—Jx ( ) +21 %3 ArcTan| X -
147 (~e)3/? Vdrex?
iid
I d R . . Ve
201d 1+ — xE111pt1cF[11 Ar‘cSmh[ ], —1}
e x? VX

147 —\r@ (—e)¥2+/d+ex?
Problem 20: Result unnecessarily involves imaginary or complex numbers.
V—-e X ]dl
Vd+ex?
Optimal (type 4, 153 leaves, 4 steps):

X

J\/; ArcTan |
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4~/x Vd+ex2 2 32 -e X 1
————————+ —x¥?ArcTan| +
9+/-e 3 \Jd+ex? 9e54+/d+ex?
d+ex? el/4+/x 1
234~ e (ﬁﬂ/?x) B N— EllipticF|[2ArcTan| VX > )
(\/?+\/?x)2 d/4 2

Result (type 4, 147 leaves):

4

i

. L . . . . _
sV VITeE 2 S 41id llJrex2 xE111pt1cF[1Ar'c51nh[ Nes ], 1}
- +

= x3/2 ArcTan | -
9 Livj Voe Jdrex?
e

A

9+/-e 3 Vd+ex?

Problem 21: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTan[—“@

\/ d+e x? }
J\ X3/2 dx

Optimal (type 4, 122 leaves, 3 steps):
2 ArcTan [ @]

d+e x?

Vx

2 1/4
2V -e (\H+\Ex) LXZ EllipticF[ZAr‘cTan[e 1/\7
(\/?H/?x) d

N R
.
\

[d1/4 e1/4 /d+ex2 )

Result (type 4, 115leaves):

ie
2ArcTan[-2%]  43+/—e |1+ % xEllipticF[iArcsinh| I ], -1]
d+e x? ex Vx
- +
x T
X ’Lv_d Vd+ex?
e

Problem 22: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTan[@

) d+e x? }
J X7/2 dx

Optimal (type 4, 156 leaves, 4 steps):
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2 ArcTan | e x
4+/-e VJd+ex? [w/d+ex2 ] 1
15 d x3/2 5 x°/2 15d%4/d + e x?

2 1/4
2+/-e ¥4 (\/F-%—\/FX) ﬁ EllipticF[ZAr‘cTan[edli/f
VJd /e x

7]

Result (type 4, 150 leaves):
2 [2\/—e xVd+ex? +3dAr‘cTan[—\@]]

d+e x?
- +
15d x3/2
i
: 3/2 d A . . e
4i (-e)¥ /1+ex2 x E1lipticF[i ArcSinh| T ], -1]

154d [ iYd Vd+ex?
Ve

Problem 23: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTan{@

~/ d+e x? }
J X11/2 dx

Optimal (type 4, 186 leaves, 5steps):

2Ar‘cTan[J@]
4+ -e Jd+ex? 20 (-e)3¥2+d+ex? \diex?
- - - +
63dx7/? 189 d? x3/2 9 x%/2
d+ex? el/4 1
10+/-e e7/4 (\/?+\/?x) _arex EllipticF[ZAr‘cTan[i » — | /
(\/?+\/?x)2 di/e 2

(189 d®/4+/d +ex?

Result (type 4, 162 leaves):

4~/-e x/d+ex? (-3d+5ex?) 742d2Ar'cTan[—“@}
+ 2
A/ d+e x .

189 d2 x°/2

4

i

. d . . . .
201 (-e)®? [1+ - xEllipticF[iArcSinh| T ], -1]

189 d2 % Vd+ex2

A

e
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Problem 24: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTan[—\L‘e X

\/ d+e x? }
J X15/2 dx

Optimal (type 4, 216 leaves, 6 steps):

2ArcTan[@
4/ -e Jd+rex? 36 (-e)¥2+/d+ex?> 60 (-e)>?2+/d+ex? \/ dre x?
143 d x11/2 1001 d? x7/2 1001 d3 x3/2 13 x13/2
d+ex? el/4+/x 1
30/ -e ell/4 (\/?+\Ex) +—2 EllipticF[ZAr‘cTan[ 1\‘{7], f] /
(Vd + Ve x) as 2
[1@01 dB3/4\/d +ex? )
Result (type 4, 171 leaves):
1 X 2+/-e Vd+ex? (7d2x—9dex3+15e2x5)
1001 x13/2 d3

a

LE
301 (—e)7/2\/;x15/2 EllipticF |1 ArcSinh| i ], -1]
_e X ex \/7
77 ArcTan | ]+
Vd+ex?

& [ drex?
Ve

Problem 25: Result unnecessarily involves imaginary or complex numbers.

-e X
Vd+ex?
Optimal (type 4, 326 leaves, 7 steps):

JXWZ Ar‘cTan[ ] dx
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28dx32/d+ex?  4x72~/d+ex? 28d2/-e Vx Vd+ex? 2 —e X
+ - +

—x%2 ArcTan |

405 (-e)3/? 81+/-e 135 e5/2 (\/?+\/?x) 9 \d+ex?

|+

d+ex?

e

EllipticE[2ArcTan]|

2864/~ (Vd +e x| el Vx 1,
2

di/4

(135 e/4\/d+ex?

d+ex?

e e

1/4
EllipticF[ZAr‘cTan[ﬂ], l} /
d1/4 2

14d°4+/-e (\/?M/?x)

[135 e/4\/d+ex?

Result (type 4, 263 leaves):

2% |x ive x
\d
—e X
14d%*+/-e? +4d+-e e¥2x?+10 (—e2)3/2x4+45e5/2x3’w/d+ex2 Ar‘cTan[ -
Vd+ex?

2 =
42d2+"e |1+ EllipticE[iArcsinh| | T, —1] +42d2 /e
d \d
2 = =
1. 2% EllipticF|i ArcSinh[ | - - ], -1] / aesev? | *XEE i ex
d Vd \d

Problem 26: Result unnecessarily involves imaginary or complex numbers.

-e X
Vd+ex?
Optimal (type 4, 296 leaves, 6 steps):
4x32-[d+ex? . 12d+/-e Vx Vdrex? 2

— x*/2 ArcTan |

25+/-e 25 e3/2 (\/?+\/Fx) 5 \d+ex? 25e7/4+/d + e x?
e1/4\/7

di/4

Jx”z ArcTan | | ax

-e X 1

d+ex?

N o)

1
EllipticE[2ArcTan| , ;] +

12d°4+/-e (ﬁﬂ/?x)

el4/x , 1

EllipticF[Z Ar‘cTan[ }, *]

(\/d—+\/?x)2 d1/4 2

d+ex?

6d>4/-e (\/?H/?x)
25e7/4+/d + e x?
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Result (type 4, 244 leaves):

—2\/— /Ji\/_x

6 d3/2 \/—

—e X
2d +2+-e e¥2x?-5e¥2x+/d+ex? ArcTan| ———|
Vd+ex?

2
EllipticE[i ArcSinh| W |, -1] +6d¥2+/- 14 2%
d
EllipticF i ArcSinh| ive x ], - 25e¥2 | ——= \/d+ex?
Vd

Problem 27: Result unnecessarily involves imaginary or complex numbers.

Ar‘cTan[@
d+e x dx
Vx
Optimal (type 4, 260 leaves, 5 steps):
[ 2 _
,4 e&erzﬂAr'cTan[ \/TX }+ !
e (\/?+\EX) Vdrex?  e¥4/d+ex?
2 1/4
adi4/—e (ﬁ+\/?x) o drex EllipticE[ZAr‘cTan[e \/?], l] -
(Vd Ve x)’ a2
2 1/4
1 2¢¥4“e (Vd /e x| o drex? E1lipticF[2 ArcTan[° W], l]
& drext (\/?Jr\/?x)z di/4 2

Result (type 4, 208 leaves):

2Vx [Ve JH/—X \/d+ex? ArcTan| X —] -

\/d+ex2

on] | r |, 1] 2@ Ve

e x? . ive x
d+ex?

EllipticF[i ArcSinh|

2+/d Ve

1+
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Problem 28: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTan[—\@

\/ d+e x? }
J X5/2 dx

Optimal (type 4, 298 leaves, 6 steps):

2Ar‘cTan[@
4+/-e VJd+ex2 4+ -e?2 \/x Jd+ex? Jdrex? 1
_ . _ _
3d+/x 3d(\/d_+\/?x) 3x3/2 3d¥4/d+ex?
d 2 1/4 1
4+/-e el/4 (\H+\Ex) Lz Ellip’cicE[ZAr‘cTan[e 1\1;], —] +
(\HJr\/?X) d*/ 2
1 d 2 1/4 1
—2+/-e eV (\/F+\/?x) o arexr EllipticF[ZAr‘cTan[e VX » — |
3d¥4\/drex? (Vd + e x)° dre 2

Result (type 4, 234 leaves):

Ji\/?x -e X
) 2+/-e x (d+ex?) +d+/d+ex? ArcTan[ ———] | +
\d Vd+ex?

5 .

avd e x (1.8 EllipticE[i ArcSinh| ive x ], -1] -
d Vd
5 .

4+/d ~/-e? x2 1+ex EllipticF[jArcSinh[ iVe x ]; *1] /
d Vd

3dX3/2 @ 4[d_'_exz

Vd

Problem 29: Result unnecessarily involves imaginary or complex numbers.

ArcTan [ e x

) d+e x? }
J\ X9/2 dx

Optimal (type 4, 331 leaves, 7 steps):
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2Ar‘cTan[J@]
4~/-e Jd+ex? 12 (-e)32+/d+ex? 12+/-e e¥2+/x \/d+ex? \drex?
- - - - +
35dx°/2 35d2+/x 35 g2 (x/?m/?x) 7x7/2
1 d+ex? el/4 1
12~/ -e %4 (\/?+\/?x) o drexr EllipticE[ZAr‘cTan[—\/;], =] -
35d7/4~/d+ex? (\/?Jr\/?x)z di 2
1 d+ex? el/4~/x 1
6 -e e%/4 (\/?+\/?x) S AL EllipticF[ZAr‘cTan[i\/—}, =]
35d7/4\/drex? (Vd + e x)® vt T2
Result (type 4, 256 leaves):
2 1ve x 2+/-e x (-d*+2dex*+3e’x*) -5d*+/d+ex? Ar‘cTan[i] +
Vd Vd+ex?
3/2 4 ex? s s . . ive x -
6/d (-e)¥2+e x* |1+ EllipticE[i ArcSinh| |, 1] +6/d /-e e%x
d Vd
e x? iVe
1+ 2% EllipticF[i ArcSinh| ive x |, -1] / 35 d2 x7/2 Jdrex?

Vd

Problem 32: Unable to integrate problem.

1+cx

dx
1-c2x?

J‘(aerAr‘cTan[@])3

Optimal (type 4, 431 leaves, 9steps):
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2 la+ bAr‘cTan[@} )3Ar‘cTanh[1 - %}
+C X i/ 1-cx
1+7\m

C

2
3ib (a+bAr‘cTan[@}) PolyLog[2, 1- —2—

1+cx 1+nd‘17cx
A 1ecx
2c¢C
2
3ib (a+bAr‘cTan[@}) PolylLog[2, -1+ —2—]
\V1+cx 14 iV 2cx
A 1ecx
.
2c¢C
3 b2 (a+bAr‘cTan[@]) Polylog([3, 1- —2—
A/ 1+cx 1+n\/’1—cx
A\ 1 x
2c¢C
3 b2 (a+bAr‘cTan[@]) PolyLog[3, -1+ —2—
A/ 1+c X 1+1‘1\1—cx
NETr
2c¢C
31ib3Polylog[4,1- —2—] 31ib3Polylog|4, -1+ —2—
ytog|4, lw‘ﬁ} yLog (%, +1+wﬁ}
\/ﬁ \/1+cx
N
4c 4c
Result (type 8, 42 leaves):
3
(a+bAr‘cTan[@])
A/ 1+c X dx
1-c2x?

Problem 33: Unable to integrate problem.

l+cx

dx
1-c?x?

J\(a+bArcTan[@])2

Optimal (type 4, 283 leaves, 7 steps):
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2 a+bAr‘cTan[@})2Ar‘cTanh[1— —
1+CcXx 14 1\711;;:
- +
C
ib (a+bAr‘cTan[@}) PolyLog[Z, 1- /27]
+C X iy 1-cx
v J1ex B
C

ib (a+bAr‘cTan[@}) Polylog[2, -1+ —*

l+cx 1+n\/‘17cx
A/ 1+cx
- +
C
b?PolylLog[3, 1- —2—| b2PolyLog[3, -1+ —2
1+n\/17cx 1+n\/‘17cx
 1iex V 1iex
2c 2c

Result (type 8, 42 leaves):

J\(a+bAr‘cTan[3@])2

1-c?x?

dx

Problem 50: Result more than twice size of optimal antiderivative.
jAr‘cTan [c+dTan[a+bx]] dx
Optimal (type 4, 198 leaves, 7 steps):

X ArcTan[c+dTan[a+bx]] +

<1+]1C+d> e21a+21'1bx

|- ixtog[1+ (c+i(1-d)) eta2ibx

lJixLog{1+
2 l1+ic-d 2 c+1‘1(1+d)

|+

_ (1+i ced) g2Far2ibx PolvlLog |2, _ Lcxi(1-d))eta2ibx
Polylog|2, e ] olyLog|2, ——wy ]

4b 4b

Result (type 4, 418 leaves):

xArcTan[c+dTan[a+bx]] +
C (1+e21'1 (a+bx)>

1 C (1+e21(a+bx)>
— |2aArcTan]| | +2aArcTan|
4b 1+d+ezi(a+bx)_dezi(a+bx) 1+eZJ‘L(a+bx)+d(_1+e211(a+bx)>

|+

(C— i (1+d)> @21 (arbx)

|2 (asbx) Log[1, T 1dlem BT
cri(-1+d) c+i (1+d)

ia Log[e“”‘ (a+b x) (CZ <1+e2]'l (a+bx)>2Jr (1+d+<e2]i (a+b x) 7d6211 (a+bx)>2)} _

2i (a+bx) Log[1+ ]+
]'LaLog[e’”(a*bX) (Cz <1+62i(a+bx)>2+ (1+e2j1(a+bx) +d (71+621(a+bx)>)2 ] .

~i(1+d 21i (a+bx) . —id 21 (a+bx)
(c Jl< + >)<e ]—PolyLog[Z,—(lJrc i )e }]
C+I‘l<71+d) C+J'1(1+d)

Polylog|2, -
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Problem 63: Result more than twice size of optimal antiderivative.
JAr‘cTan[c +dCot[a+bx]] dx

Optimal (type 4, 198 leaves, 7 steps):

xArcTan[c+dCot[a+bx]] +
<1+]'1C—d> e@2iar2ibx (c+j(1+d>)e2ia+21‘1bx

]+

_ —1ixL 1-
} 2“ Og{ c+i(1fd>

(C+]‘L (1+d>) eZia+2an}

14i c-d) e2iar2ibx Polyl 5
] oLy og[ ’ c+i (1-d)

1
f]leog[l—
2 l+ic+d

PolyLog[z, Ticd )
4b 4b
Result (type 4, 416 leaves):
xArcTan[c+dCot[a+bx]] + —
4b
C (*1+®72jl (a+bx)) c (*1+@21 (a+bx)>
2aArcTan| ‘ . | +2aArcTan]| . ‘ |+21
~1+d+ e 2t (a+b x) +de2t (a+b x) ~1+d+ et (a+b x) +de?t (a+b x)
i (-1+d 21 (a+bx) i (1+d 21 (a+bx)
<a+bx)Log[1—<c+l( +d)) e ]—Zj(a+bx)Log[1—<c+l( +d)) e |-
c-1i(1+d) i+c-1id

-1+ e2i(abx) )2+ (1+d—e2j‘(a*bx) +dezj(a*bx>)2)] +

]laLOg 7411 (a+b x) (CZ
JlaLog @41 (atbx) c2 14 2! a+bx))2+ (71+d+621(a+bx) +de2i(a+bx)>2)] .
21 (a+bx) i (1+d 21 (a+bx)
PolyLog|2, (crif-1+d))e | - PolyLog|2, (c+if1+d]]e ]]
c-1i(1+d) i+c-1id

Problem 75: Result more than twice size of optimal antiderivative.
JXZ ArcTan[Sinh[x]] dx

Optimal (type 4, 108 leaves, 10 steps):

2 3 1 3 . ) . ) .
- =X Ar‘cTan[eX] + — x> ArcTan[Sinh[x]] + 1 X PolyLog[Z, -1 e"] -1x PolyLog[Z, nex} -

3 3
2i xPolylog|[3, -ie*| +21ixPolylog|3, i e| +2i PolyLog[4, -ie*| -21iPolylog|4, ie¥]

Result (type 4, 356 leaves):
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1
— 1 |77*+8i 0 x+24°x2-321 nx3-16x* - 64 1 x> ArcTan[Sinh[x]] +
192

8is’log[l+ie™| +48®xlog[l+ie™|-961inx?Llog[l+ie™]-

64 x> Log[1+ie™] -48°xLog[1-ie*| +96inx?Log[l-1ie*]-8in’Log[l+ie*|+

64 x> Log[1+ie*] +81i Log[Tan{l (r+2ix)]]-48 (n-21ix)*Polylog[2, -ie™] +
4

192 x? PolyLog[2, - i €| - 48 n* Polylog[2, i e*| +192 i n x PolyLog[2, i e*] +

192 i rPolylog[3, -i e*] + 384 x PolyLog[3, -i e ™| - 384 x PolylLog[3, -i e*] -

192 i Polylog[3, i e*] + 384 Polylog[4, -ie ™| + 384 PolylLog|4, - i e¥]

Problem 76: Result more than twice size of optimal antiderivative.

J(e +fx)>ArcTan[Tanh[a +bx]] dx

Optimal (type 4, 299 leaves, 12 steps):
(e+Ffx)*ArcTan[e?22:2bX] (e +fx)*ArcTan[Tanh[a +bx]]

4f 4f
i (e+fx)’Polylog[2, -ie?®2b%] i (e+fx)’PolylLog[2, i e??2bx]

+

4b 4b
3if (e+fx)?Polylog[3, -ie2225%] 34 f (e+fx)?Polylog|3, i e?220x]

8 b? ’ 8 b2 -
3if? (e+fx) Polylog[4, -ie?2'2bX] 31 f2 (e+fx) Polylog[4, ie?2'2bx]

8 b3 B 8 b3 -

31 > Polylog|5, -1ie?2'20X] 3 f3Polylog[5, i e22:20X|
+

16 b* 16 b*
Result (type 4, 600 leaves):

1
—x(4e’+6e’fx+4ef x>+ ) ArcTan[Tanh[a+bx]] -
4

oot i (8b4e3xLog[1—je2 (@bx)] 1 12b*e? fx?Log[1-1e? (@PX ] +
8b*efx’Log[1-1e?@P¥ | +2b* 3 x*Log[1-1e?@P¥ | -8b*e’xLlog[1l+1ie?@PX ]|
12b*e? fx? Log[1+1ie? @] -8b*ef2x?Log[l+ie? @Y ] -

2b% 3 x* Log[1+ 1 e? (X ]| —ap3 (e+-Fx)3P01yLog[2, -ie? @]y

4b* (e+fx)’Polylog|2, i e*®*®*¥ | + 6 b2 e? f Polylog[3, -1 e? @PX | 4

12b%e f2x Polylog(3, -i e® @**X) ] + 6 b? > x? PolyLog[3, -1 e? (@°X) | -

6 b? e? f Polylog|3, i e® @ | -12b%e 2 x Polylog|3, i e? ("X ] -

6 b2 £> x* PolyLog[3, i e? ¥ | —6be f?Polylog[4, -ie? @PX | -

6 b f>xPolyLog[4, -ie?@P®¥ | +6bef?Polylog|4, ie? (@0 | 4

6 b f> x PolylLog[4, i e* ®**¥ | + 33 Polylog[5, -i e* ("X | -3 f3 Polylog|[5, i e? <a*bx>])
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Problem 83: Result more than twice size of optimal antiderivative.

JAr‘cTan[c +dTanh[a+bx]] dx

Optimal (type 4, 174 leaves, 7 steps):

1 (j,c,d> e2a+2bx
xArcTan[c+dTanh[a+bx]] + = ixLog|[1+ ] -
2 i-c+d
1 [ (i+c+d)e?er2bx jPolyLog[Z,—“Lﬁ)cf:%m} jpolyLog[z’,iiLi)::;*z“}
—1ixlog|l+ + _
2 i+c-d 4b 4b

Result (type 4, 365leaves):

1
xArcTan[c+dTanh[a+bx]] + —

2b
1 2 (a+bx) N d a+b x
i|2iaArcTan| te ]+ (a+bx) Log[1- trexde ]+
C—d+Ce2<a+bx)+de2<a+bx) m
N d a+b x e d a+b x
(a+bx) Log[1+ trerd e | - (a+bx) Log[1- rrerd e | -
Vi-c+d V-1-c+d
T d a+b x [ d a+b x
(a+bx) Log[1+ trerd e | +Polylog|2, - trerc € | +PolylLog|2,
V-1-c+d Vi-c+d
V-i+c+d edbx Vi+c+d edbx Vi+c+d edbx
| - Polylog|2, - | - PolyLog|2, ]
Vi-c+d \V-1i-c+d \V-1i-c+d

Problem 93: Result more than twice size of optimal antiderivative.

J(e +fx) * ArcTan[Coth[a + b x]] dx

Optimal (type 4, 299 leaves, 12 steps):

(e+f x)4Ar‘cTan [e2a+2bx] (e+f x)4Ar‘cTan [Coth[a+bx]]
+

4f 4f
i (e+fx)’Polylog[2, -ie?®2bx] i (e+fx)’Polylog[2, i e?220]
4b ' 4b :
3if (e+fx)?Polylog[3, -ie222°%] 3if (e+fx)*Polylog|3, i e?a-20x]
8 b2 ) 8 b? )
3if? (e+fx) Polylog[4, -ie?2'2bX] 31 f2 (e+fx) Polylog|4, i e?2'2bx]
8 b3 : 8 b3 :

31 3 Polylog[5, -1 e?2*20X] 3 f3Polylog[5, i e22:20%]

16 b* 16 b*

Result (type 4, 600 leaves):
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1
—x(4e’+6e’fx+4ef x>+ x) ArcTan[Coth[a+bx]] +
4

i (8b%e?xlog[1-ie?@P¥] 1 12b%e? fx® Log[1-ie? @Y ],

16 b*

8b*efx’Log[1-1e?@P¥ | +2b* 3 x*Log[1-1e*@P¥ | -8b*e’xLlog[1l+1ie?@PX |
12b*e? fx? Log[1+1ie? @] -8b*ef2x®Log[l+ie? @PX] -

2b* 3 x4 Log[1+j1<e2 (a*b")] -4b3 (e+-Fx)3PolyLog[2, —ie? (a*b")] +

4b* (e+fx)’Polylog[2, i e* ¥ | + 6 b2 e? f Polylog[3, -1ie? @PX | 4

12b%e f2x Polylog(3, -i e® @**X) ] + 6 b? > x? PolyLog[3, -1 e? (@°X | -

6b? e? f Polylog|3, i e? @P*¥ | —12b?e f2 x PolyLog[3, i e? (0¥ | -

6 b? 3 x? PolyLog[3, i e? @®¥ | -6be f>PolyLog|[4, -ie? @PX ] -

6 b f> xPolyLog[4, -ie?@®¥ | +6bef?Polylog|4, ie? @PX ] 4

6b > x Polylog|[4, i e ®** ] + 3 PolyLog[5, - e @** | - 3 PolyLog|[5, i e? =¥ |

Problem 100: Result more than twice size of optimal antiderivative.

JArcTan[c +dCoth[a+bx]] dx

Optimal (type 4, 174 leaves, 7 steps):

1 (]'lfcfd> e2a+2bx
xArcTan[c+dCoth[a+bx]] + = ixLog|1- ] -
2 i-c+d
1 (i +c+d) e222bx i Polylog|2, 1%)::;“] i Polylog|2, 1%)::;2“}
fijog[l— + = - ==
2 i+c-d 4b 4b
Result (type 4, 365leaves):
1
X ArcTan[c +dCoth[a+bXx]] + —
2b
L1 e2 @ JTivced ea
i|2iaArcTan| |+ (a+bx) Log[1- |+
—c+d+ce?@bx) 4 deg2@bx) V-i+c-d
V-i+c+d edbX Ji+c+d edtbx
(a+bx) Log[1+ rrerf e | - (a+bx) Log[1- rrtrf ® | -
\V-1+c-d Vi+c-d
NE c+d a+bx ~ c+d a+b x
(a+bx) Log[1+ rrerf e | +Polylog|2, - e e | +PolylLog|2,
Vvi+c-d Vv-i+c-d
o c+d a+bx : c+d a+b x . c+d a+bx
V-1i+c+d e ]—POlyLOg[Z,—VlJr +d e }—PolyLog[Z, Vi+c+d e }
V-1+c-d Vi+c-d Vi+c-d

Problem 116: Attempted integration timed out after 120 seconds.

JArcTan [a+bfrdX] ax

Optimal (type 4, 196 leaves, 6 steps):

| 15
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c+d x 2 c+d X 2bfc+dx
ArcTan[a + b ferdx] Log[liiL oo 7] | ArcTan[a+b f<d%] Log]| o (s (0 )] ]
+ +
dLog[f] dLog[f]
. 2 . B 2b ferdx
1 P°1yL°g[2’ 1- 1-i (a+b Fodx) ] 1 POlyLOg[Z’ 1 (i-a) (1-1 (a+bferdx)) }

2dLog[f] 2dLog[f]

Result (type 1, 1leaves):

PP

Problem 117: Unable to integrate problem.

Jx ArcTan [a +b -Fc*dx} dx

Optimal (type 4, 232 leaves, 9steps):

1 1 i b ferdx

=x2ArcTan|a+bf 9% - = ix?Log[l- — |+

2 4 1-1ia

1 i b ferdx ]lXPOlyLOg[Z, M}

= y2 1-ia
ix?Log[l+ -

4 1+ia 2dLog|[f]
i X PolyLog[Z, —M] i PolyLog[B, M} i PolyLog[B, —M]
1+ia . 1-ia 1+ia

2dLlog[f] 2d? Log[f]? ) 2d? Log[f]?

Result (type 8, 16 leaves):

Jx ArcTan [a +b Fc*dx} dx

Problem 118: Unable to integrate problem.

sz ArcTan [a +b Fc*dx] dx

Optimal (type 4, 302 leaves, 11 steps):

i b ferdx 1, 5 i b ferdx
4] + = 1X Log[1+4 -
l1-ia 6 l+1a
i x? Polylog[2, “2¥*] i x2Polylog[2, - LEX“] i xPolylog|[3, 12f
a
-1
+

1 1+1a 1-ia

. _
2dLog[f] 2dLlog[f] d? Log[f]?

1 1
=x>ArcTan|a+b f9%] - =i x> Log[1 -
3 6

i x PolyLog|3, - &] i Polylog|4, —157”;: | iPolylog|a, - * b ferdx ]

1+1a 1+1a

N
d? Log[f]? d® Log[f]3 d? Log[f]?3
Result (type 8, 18 leaves):

sz ArcTan[a +b £ 9*] dx
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Problem 148: Result is not expressed in closed-form.

Jec (3+6X) ApcTan[Cosh[ac+bcx]] dx

Optimal (type 3, 103 leaves, 8 steps):
e?*P <X ApcTan [Cosh[c (a+bx) ]|
bc )
(1-V2 | Log[3-2V2 +e2c@®X ] (142 ) Log[3+2V2 +e2c@bx]

2bc 2bc

Result (type 7, 146 leaves):

1
[—4c (a+bx) +2e@P% ArcTan| — e € X (142 (@®X )| 4 RootSum|1 + 611 + 11* &,
2bc 2

72(ac+bcx—Log[ec (%) _p1] +7acnl®+7bcxul® -7 Log|e® % —nl] u1?) &
1+351

Problem 149: Result is not expressed in closed-form.

Jec (36X ApcTan[Tanh[ac+bcx]] dx

Optimal (type 3, 180leaves, 13 steps):

Ar‘cTan{l—\/?eac*bcx} Ar‘cTan[1+\/7<ea°*b“‘] e?<*P<x ApcTan|Tanh|c (a+bx)]]

+ —

V2 be V2 be bc
Log[1+92c(a+bx) 7ﬁeac+bcx] Log[1+e2c(a+bx) +\/?(eaubcx]
+
Z\Ebc Z\Ebc
Result (type 7, 89 leaves):
1+ @2¢ (atbx) ac+bcx-Log|ec (@bX) _ 1
2 € (abx) Ar‘cTan[L} + RootSum[1 + #1* &, ! gl ] &]
2bc 1+ e2¢ (avbx) =1
Problem 150: Result is not expressed in closed-form.
Jec (3+bX) ApcTan[Coth[ac+bcx]] dx
Optimal (type 3, 180leaves, 13 steps):
ArcTan[1-+/2 e?<bcX] ArcTan[1++/2 e¥<P<X] e2¢*bcXArcTan|Coth|c (a+bx)]]
- + + +
V2 be V2 bec bc
Log[1+62c(a+bx) _ﬁeaubcx] Log[1+62c(a+bx) +\/7(eac+bcx]
Z\Ebc Z\Ebc

Result (type 7, 89 leaves):

| 17
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1 l+e

2¢ (arbx) ~ac-bcx+Loglet (@bX 1] g

2@ ApcTan| ————————] + RootSum[1 + #1* &,
2bc -1+ 2c(arbx) "1

Problem 151: Result is not expressed in closed-form.

Jec (3+6X) ApcTan[Sech[ac+bcx]] dx

Optimal (type 3, 103 leaves, 8 steps):
@b X ApcTan [Sech[c (a+bx) ]|
bc
(1-V2 | Log[3-2V2 +e2c@®X ] (142 ) Log[3+2V2 +e2c@bx]

+

2bc 2bc

Result (type 7, 145leaves):

2 e€ (a+b x)

| +RootSum|[1 + 6112 + 1% &,

1+ e2c (a+b x)

[4c (a + bx) +2e (2% ApcTan|
2bc

1
————(-ac-bcx+Llog[e® @ —m1] -7acn1®-7bcxnl?+7 Log[e® PN —n1] n1?) &]
1+ 312
Problem 153: Result unnecessarily involves higher level functions.
(a+bArcTan[cx"]) (d+elLog[fx"]) ;
X
J X
Optimal (type 4, 163 leaves, 13 steps):
aelog[fx"]? ibdPolylog[2, -1icx"]
adLlog[x] + + +
2m 2n
ibelog[fx"] PolyLog[2, -1cx"] 1ibdPolylLog[2, i cx"]
2n 2n
ibelog[fx™"] PolyLog[2, i cx"] 1i1bemPolylLog[3, -1cx"] 1bemPolyLog[3, icx"]
- +
2n 2 n? 2n?

Result (type 5, 116 leaves):

—%bcemx“ Hyper‘geometr‘icPFQ[{l, i}, —c2x2n 4
2 2
]

n
lbc:xn Hyper‘geometr‘icPFQHf, =, 11, {i, i}, ~c2x?"] (d+elog[fx"]) +
n 2 2 2 2

laLog[x] (2d-emLog[x] +2eLog[Fx"‘”

2
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Summary of Integration Test Results

153 integration problems

A - 123 optimal antiderivatives

B - 7 more than twice size of optimal antiderivatives
C - 14 unnecessarily complex antiderivatives

D - 8 unable tointegrate problems

E - 1integration timeouts



